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Abstract
In the extended Nambu–Jona-Lasinio model, the decay widths of the processes τ → [ω(782), φ(1020)]K−ντ
were calculated. The intermediate channels with axial vector (K1(1270), K1(1400) and K1(1650)), vector
(K∗(892) and K∗(1410)) and pseudoscalar (K and K(1460)) mesons were considered. The results for these
processes are in satisfactory agreement with the experimental data.
1 Introduction
The processes τ → [ω(782), φ(1020)]K−ντ were intensively investigated from both the ex-
perimental [1, 2, 3] and theoretical [4, 5] points of view. In the theoretical works, the resonance
chiral theory and angular momentum algebra were applied.
In the present paper, the pointed processes are considered in the framework of the extended
Nambu–Jona-Lasinio model (NJL) [6, 7, 8, 9, 10]. This model allows one to describe the scalar,
psudoscalar, vector and axial vector meson nonets in both the ground and the first radially excited
states in the framework of the U(3) × U(3) chiral symmetry. It has turned out to be very useful
for calculation of numerous modes of the τ -lepton decays because in the intermediate states of
these decays the ground and the first radially excited mesons give the main contribution [10].
Indeed, in the framework of this model the decays τ → pipiντ , τ → pi[η, η′(958)]ντ , τ → piKντ ,
τ → [η, η′(958)]Kντ , τ → KKντ [10] were described without any additional arbitrary parameters.
These processes have two channels. One of them is the contact channel where the W -boson
produces the final mesons directly. The other channel includes the intermediate vector mesons
in the ground and the first radially excited states. The decay τ → f1(1285)piντ with only axial
vector meson in the intermediate state was calculated [14]. The series of decays with vector
and pseudoscalar mesons in the final states were also described, for example, the decay τ →
piω(782)ντ [10] including only the contact and vector intermediate channel and the decays τ →
pi[ρ(770), ρ(1450)]ντ [15] including the contact, axial vector and pseudoscalar channel. However,
similar processes with strange particles are of particular interest because all the four channels are
included in them.
Typical examples of these decays are the processes τ → [ω(782), φ(1020)]K−ντ . In the
present paper, their full and differential decay widths are calculated. The processes include the
contact channel and three intermediate channels: axial vector, vector and pseudoscalar ones. The
nature of the intermediate meson states is discussable. For example, the axial vector state K1(1270)
can be described in the chiral unitary approach with two poles at 1195 and 1284 MeV [11, 12].
However, in present work, we use the extended NJL model, which describes only qq¯ resonances.
The NJL model includes two strange axial vector mesons with quantum numbers JPC = 1++: the
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meson K1A and its first radially excited state considered as the physical state K1(1650). However,
there is the strange axial vector meson K1B with quantum numbers J
PC = 1+− which is not
described by the NJL model. The transitions between the mesons K1A and K1B are not equal to
zero due to the difference between the masses of u and s quarks. The mixing of these mesons leads
to the physical states K1(1270) and K1(1400)[13, 16, 17]:
K1A = K1(1270) sinα +K1(1400) cosα,
K1B = K1(1270) cosα−K1(1400) sinα. (1)
The similar representation was applied in works of many other authors (for example, [4, 18,
19] and other).
The contributions from the meson K1B to tau decays are proportional to the U(3) symmetry
breaking effects [17]. These effects also restrict the precision of the NJL model. Specifically, the
precision of this model is determined on the basis of partial conservation of the axial current
(PCAC). In the case of U(3) symmetry, it can be determined with the ratio
M2K
M2Σ
≈ 17% [20].
There are a large number of other sources of uncertainties. Therefore, we use our previous results
to estimate the error of the model. Without any exotic states the everage uncertainty can be
estimated at the level of 10%. This error obtained from the real calculation covers all possible
sources including PCAC and can be absorbed by it. Therefore, we estimate the uncertainty of
this model at the level of 17%. Thus, the direct contribution from the meson K1B to tau decays is
within the model error and can be neglected. However, we consider the indirect influence of this
meson, which leads to splitting of K1A into K1(1270) and K1(1400). Therefore, in the considered
processes in the axial vector channels, we can only take into account the mesons described by the
extended NJL model: the meson K1A splitted into two physical states and the radially axcited
meson K1(1650).
2 The interaction Lagrangian of the extended NJL model
The fragment of the quark-meson interaction Lagrangian for the mesons included in our
processes obtained from the original four-quark interactions takes the form [7, 10]:
∆Lint = q¯
1
2
γµγ5
∑
j=±
λKj
(
AK1K
j
1µ +BK1K
′j
1µ
)
+
1
2
γµ
∑
j=±
λKj
(
AK∗K
∗j
µ +BK∗K
∗′j
µ
)
+iγ5
∑
j=±
λKj
(
AKK
j +BKK
′j)+ 1
2
γµλωAωωµ
+
1
2
γµλφAφφµ +
1
2
γµλρAρρµ
]
q, (2)
where q and q¯ are the U(3) triplets of the u, d and s quark fields with the constituent masses
mu ≈ md = 280 MeV, ms = 420 MeV, the excited meson states are marked with prime. The
masses mu and md and the cutoff parameter (restricts the energy range in the integrals of the
model) were obtained on the basis of the pion decay constant Fpi and ρ meson decay constant gρ,
which were calculated from the well-measured processes pi → µνµ and ρ(770)→ pipi. The mass ms
was obtained on the basis of the kaon mass via the generalisation of the Gell-Mann-Oakes-Ranner
formula to the case of strange mesons [13].
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The multipliers AM and BM were obtained as a result of diagonalisation of the Lagrangian
with the initial unphysical ground and first radially excited states:
AM =
1
sin(2θ0M)
[
gM sin(θM + θ
0
M) + g
′
MfM(k
2
⊥) sin(θM − θ0M)
]
,
BM =
−1
sin(2θ0M)
[
gM cos(θM + θ
0
M) + g
′
MfM(k
2
⊥) cos(θM − θ0M)
]
. (3)
Here the index M denotes an appropriate meson.
The form factor f (k2⊥) = (1 + dk
2
⊥) Θ(Λ
2 − k2⊥) describes the first radially excited mesons,
where Λ = 1.03 GeV is the cutoff parameter, and the slope parameter d depends only on the quark
composition of the meson [10]:
duu = −1.784× 10−6MeV−2, dss = −1.737× 10−6MeV−2,
dus = −1.761× 10−6MeV−2. (4)
This parameter was obtained from the requirement of invariability of the quark condensate after
including the radially excited meson states.
The transverse relative momentum of the inner quark-antiquark system can be represented
as
k⊥ = k − (kp)p
p2
, (5)
where p is the meson momentum. In the rest system of a meson (see details in [14])
k⊥ = (0,k). (6)
Therefore, this momentum may be used as a three-dimensional one.
The parameter θM is the mixing angle for the ground and the first radially excited mesons
[7, 10]:
θK1 = 85.97
◦, θK∗ = 84.74◦,
θK = 58.11
◦, θω = 81.8◦,
θφ = 68.4
◦. (7)
Auxiliary values θ0M are included for convenience:
sin (θ0M) =
√
1+RM
2
,
RK1 = RK∗ =
Ifus11√
I11I
f2us
11
, RK =
Ifus11√
ZKI11I
f2us
11
,
Rω =
Ifuu20√
I20I
f2uu
20
, Rφ =
Ifss02√
I02I
f2ss
02
, (8)
where
ZK =
1− 3
2
(mu +ms)
2
 sin2 α
M2K1(1270)
+
cos2 α
M2K1(1400)
−1 (9)
is an additional constant of renormalization appearing in K −K1 transitions; MK1(1270) = 1272±
7 MeV and MK1(1400) = 1403± 7 MeV are the masses of the axial vector strange mesons [21]. This
form of the value ZK takes into account the mixing between the mesons K1(1270) and K1(1400)
[22].
3
The integrals appearing in the quark loops as a result of renormalization of the Lagrangian
are
If
n
l1l2
= −i Nc
(2pi)4
∫ fn(k2)
(m2u − k2)l1(m2s − k2)l2
d4k. (10)
Then
θ0K1 = θ
0
K∗ = 59.56
◦, θ0K = 55.52
◦,
θ0ω = 61.5
◦, θ0φ = 57.13
◦.
(11)
The coupling constants are:
gK1 = gK∗ =
(
2
3
I11
)−1/2
, gω =
(
2
3
I20
)−1/2
,
gK =
(
4
ZK
I11
)−1/2
, gφ =
(
2
3
I02
)−1/2
,
g
′
K1
= g
′
K∗ =
(
2
3
If
2
11
)−1/2
, g
′
K =
(
4If
2
11
)−1/2
,
g
′
ω =
(
2
3
If
2
20
)−1/2
, g
′
φ =
(
2
3
If
2
02
)−1/2
. (12)
They are the renormalisation constants of the quark-meson Lagrangian before diagonalization.
In the Lagrangian (2), K1 is the meson K1A defined in (1).
3 The amplitudes of the processes in the extended NJL model
The diagrams for the processes τ → [ω(782), φ(1020)]K−ντ are shown in Figs. 1, 2.
Figure 1: The contact diagram.
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Figure 2: The diagram with the intermediate mesons.
The amplitude of the process τ → ω(782)Kντ in the extended NJL model takes the form
M = −iGFVusLµ {Mc +MA +MV +MP
+MA′ +MV ′ +MP ′}µν e∗ν(pω), (13)
where GF is the Fermi constant, Vus is the Cabbibo-Kobayashi-Maskawa matrix element, Lµ is the
lepton current and e∗ν(pω) is the polarization vector of the meson ω(782). The terms in the brackets
describe the contributions from the contact diagram and from the diagrams with the intermediate
axial vector, vector and pseudoscalar mesons in the ground and the first radially excited states:
Mµνc = (ms +mu)IKω11 gµν + i2mu
[
IKω21 + (ms −mu)muIKω31
]
eµνλδpKλpωδ,
MµνA =
CK1
gK1
(ms +mu)I
KωK1
11
×

gµν [q2 − 3
2
(ms +mu)
2
]
− qµqν
1− 3
2
(ms +mu)
2
M2K1(1270)
BWK1(1270) sin2 α
+
gµν [q2 − 3
2
(ms +mu)
2
]
− qµqν
1− 3
2
(ms +mu)
2
M2K1(1400)
BWK1(1400) cos2 α
 ,
MµνV = i2mu
CK∗
gK∗
[
IKωK
∗
21 + (ms −mu)muIKωK
∗
31
] [
q2 − 3
2
(ms −mu)2
]
BWK∗e
µνλδpKλpωδ,
MµνP = 2(ms +mu)
ZK
gK
CKI
ωKK
11 q
µqνBWK ,
Mµν
A′ =
C
′
K1
gK1
(ms +mu)I
KωK
′
1
11
gµν
[
q2 − 3
2
(ms +mu)
2
]
− qµqν
1− 3
2
(ms +mu)
2
M2K′1
BWK′1 ,
Mµν
V ′ = i2mu
C
′
K∗
gK∗
[
IKωK
∗′
21 + (ms −mu)muIKωK
∗′
31
] [
q2 − 3
2
(ms −mu)2
]
BWK∗′e
µνλδpKλpωδ,
Mµν
P ′ = 2(ms +mu)
ZK
gK
C
′
KI
KωK
′
11 q
µqνBWK . (14)
Two terms in the contact contribution describe the axial vector and the vector parts of the contact
diagram.
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The Breit-Wigner propagator takes the following form:
BWM =
1
M2M − q2 − i
√
q2ΓM
. (15)
The constants CM and C
′
M appear in the quark loops of the W -boson transition into the
intermediate meson in the extended NJL model:
CM =
1
sin (2θ0M)
[
sin
(
θM + θ
0
M
)
+RM sin
(
θM − θ0M
)]
,
C
′
M =
−1
sin (2θ0M)
[
cos
(
θM + θ
0
M
)
+RM cos
(
θM − θ0M
)]
. (16)
The values R are defined in (8).
The integrals with the vertices from the Lagrangian in the numerator, which were also used
in the amplitude, take the form:
IM,...,M
′
,...
n1n2
= −i Nc
(2pi)4
∫ AM . . . BM . . .
(m2u − k2)n1(m2s − k2)n2
Θ(Λ2 − k2)d4k, (17)
where AM , BM are defined in (3).
The amplitude for the process τ → φ(1020)K−ντ differs from the amplitude written above
by the factor 2, by the replacement of the appropriate vertices in (17) and by the replacement of
the masses of u and s quarks in the vector channel and in the vector part of the contact channel.
4 Numerical estimations
There are different ways to choose the mixing angle α in (1). In the Particle Data Group
(PDG), the value α = 45◦ is indicated [21]. However, in [17], it is shown that this angle can also
take the values α = 57◦ and α = 33◦. In the work [16], the value α = 57◦ was obtained. In our
recent work [22], it has been shown that the value α = 57◦ leads to the best agreement of the kaon
mass, which is calculated using the generalisation of the Gell-Mann-Oaks-Renner formula to the
kaons, with the experimental value.
In this paper, we demonstrate the results for two possible values: α = 57◦ and α = 45◦.
The branching fractions of the considered processes are shown in Table 1.
The comparison of the differential decay width for our processes with the experimental data
are shown in Figs. 3, 4.
As one can see from Table 1, in all cases the ground axial vector channel (diagrams with
the intermediate mesons K1(1270) and K1(1400)) gives the main contribution. The interference
between the ground axial vector or vector channels and the corresponding parts of the contact
terms is always negative due to the negative value of the Breit-Wigner propagator for most of the
energy range.
The mixing angle α affects not only the ground axial vector channel but also all others, be-
cause the coupling constant of the final kaon with quarks contains the constant ZK that depends
on this angle (see (3), (9), (12)). Transition from the angle α = 57◦ to α = 45◦ reduces all contri-
butions except the contribution of the ground axial vector mesons in the process τ → φ(1020)Kντ .
However, in the process τ → ω(782)Kντ , despite the decrease of the contribution of the ground
axial vector channel and axial vector part of the contact channel, their summary contribution
increased. This may be explained by the decrease of the negative interference between them. In
this way, for both processes the final result for α = 45◦ is larger than for α = 57◦.
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Table 1: The branching fractions of the processes τ → ω(782)Kντ and τ → φ(1020)Kντ for different values of
the angle α. The contributions from various channels are shown in different lines. Lines WA and WV correspond
to the axial vector and vector parts of the contact term. The line Ground contains the summary results for the
contributions of all ground intermediate mesons and contact diagram. The line Excited contains the summary
results for the contributions of all excited intermediate mesons.
Br (×10−4)
τ → ω(782)Kντ τ → φ(1020)Kντ
α = 57◦ α = 45◦ α = 57◦ α = 45◦
WA 0.54 0.52 2.02 1.97
A 4.73 4.47 7.49 8.59
WA + A 3.08 3.27 2.12 2.94
WV 0.66 0.64 0.84 0.82
V 1.99 1.94 0.89 0.86
WV + V 0.37 0.36 2.6 ×10−3 2.5 ×10−3
P 0.57 0.53 0.66 0.61
Ground 3.83 3.96 2.57 3.34
A
′
5.4 ×10−3 5.2 ×10−3 0.74 0.72
V
′
0.31 0.3 18.1 ×10−3 17.7 ×10−3
P
′
8.6 ×10−4 6.1 ×10−4 1.6 ×10−4 1.2 ×10−4
Excited 0.32 0.31 0.76 0.74
Total 3.79 3.95 3.15 4.04
Exp 4.1± 0.9 [21] 4.4± 1.6 [21]
4.05± 0.51 [2]
3.39± 0.48 [3]
7
Figure 3: The differential decay width for the process τ → ω(782)Kντ . The solid line corresponds to the case
α = 57◦, the dashed line corresponds to the case α = 45◦, the experimental points are taken from [1].
Figure 4: The differential decay width for the process τ → φ(1020)Kντ . The solid line corresponds to the case
α = 57◦, the dashed line corresponds to the case α = 45◦, the experimental points are taken from [2].
The interference between the vector channels or vector parts of the contact diagrams and
other channels is equal to zero. This is because the indices µν in (14) are antisymmetric in the
first ones and symmetric in the other channels. Thus, one can see that the interference between
the axial vector and the pseudoscalar channel is always negative.
As one can see from formula (14), the term corresponding to the diagram with the inter-
mediate meson K1(1400) is proportional to cos
2 α and should play a more important role in the
case α = 45◦ than in the case α = 57◦. This is the cause of the increase of the second peak in
the dashed line of the differential decay width for the process τ → ω(782)Kντ (see Fig. 3) and the
first peak for the process τ → φ(1020)Kντ (see Fig. 4). The second peak in Fig. 4 corresponds to
the contribution from the meson K1(1650) which plays a significant role in this process compared
to the process τ → ω(782)Kντ .
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5 Discussion and Conclusion
Our calculations show that taking into account the mixing of two axial vector mesons plays
an important role. It leads to the physical states K1(1270) and K1(1400). It is interesting to
compare the results obtained with different values of the mixing angle α. The obtained branching
fractions of the process τ → ω(782)Kντ for α = 57◦ and α = 45◦ are within the errors of the
experimental values. The obtained branching fractions of the process τ → φ(1020)Kντ with
different mixing angles agree with different experimental results. It is interesting to note that
the value α = 57◦ leads to better agreement of the form of the invariant mass distribution of the
process τ → ω(782)Kντ with the experimental points. However, the invariant mass distribution of
the decay τ → φ(1020)Kντ with α = 45◦ is in better agreement with the experimental data. In any
case, our results are consistent with the experimental data with allowance for the precision of the
model, which was estimated in Introduction and is expected to be near 17%. Further experimental
studies can help better understand the effects of mixing axial vector mesons and give us additional
restrictions for the angle α.
The question concerning the nature of the intermediate axial vector meson is not completely
clear. As was mentioned in Introduction, our approach considers the meson K1(1270) as a qq¯
resounance. However, this meson can have a more complicated structure. It may have a two-pole
nature [11, 12] or even be a tetraquark meson state. It would be interesting to continue the research
of this question.
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